Assignment 1

Consider the following IMP program s;:

i :=0;

s := 0;
while i <= x do
s :=s + 1i;
i:=1i+1

end

You can find the corresponding Viper program on the website: program_1_adding numbers.vpr.

Task 1.1. Assume x > 0 initially (i.e. as a pre-condition). What is the value of s at the end
of the function? Write a post-condition to ensure that s has the right value after completion

(keyword ensures in Viper). Also add the pre-condition to the program (keyword requires in
Viper).

Solution. Mathematics tells us that s = —(Xgl)x

and post-condition in Viper.

. See the solution program for the pre-condition

Task 1.2. Find a suitable loop invariant which enables Viper to prove the post-condition given
the pre-condition.
Solution. A suitable loop invariant is:
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Observe that after the execution i equals x + 1 to guess the first conjunct. The second conjunct
is needed to actually prove i = x + 1 after the execution (we get i > x + 1 from the negated
loop condition).

Task 1.3. Prove that
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Solution. We choose the invariant to be
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Assignment 2 (Greatest Common Divisor)

Consider the following program s computing the greatest common divisor (gcd) of two given
positive integers:

b := x;

cC =Y,
while b # ¢ do



if b < ¢ then

c:=c-b
else

b :=b-c
end
end;
z :=Db

You can find the corresponding Viper program on the website: program 2 gcd.vpr.

Note: In case it helps you to think about the questions, you might want to recall the definition
of the total function gcd: For positive integers x and y, the number z is the greatest common
divisor of x and y iff z|x and z|y and there is no z/, with 2’ > z, such that 2|z and 2'|y. Here,
z|z means that z divides z, i.e., z - k = z, for some k € N.

Note: For the tasks below, you can write gcd(m, n) in assertions, to denote the actual greatest
common divisor of two positive integers m and n. You may assume that Vn - gcd(n,n) = n and
Vm,n € Nt - gecd(m + n,n) = ged(m,n) = ged(m, m + n) (equivalently - Vm,n € N* - m >
n = ged(m —n,n) = ged(m,n) = gcd(m, m — n)).

Task 2.1. Formalise the claim that the above program computes the gcd of x and y as pre-
and postcondition P and Q, respectively.

Solution. The pre- and postconditions are:

P=x=XAy=YAX>0AY >0
Q=z=gcdX,Y)

Task 2.2. Find a suitable invariant for the loop.

Hint: Consider using a relationship between the input variables x, y and the 'loop’ variables b
and c as part of your loop invariant.

Solution. A suitable loop invariant is:
ged(x,y) = ged(b,c) A\b>0Ac>0Ax=XAy=Y
Task 2.3. Give a suitable loop variant to prove that the program terminates.

Solution. b + c¢: Either b or ¢ decreases, while the other stays constant.



Task 2.4. Prove that

{x=Xo ANy=Yy A Xog>0 A Yy>0}s{|z=gcdXoYo) }.



@ Grealest Comnen Divisor

b] TMwedes : e z%\‘u o des estlen Wol nach dles Aus.ﬁzhrm% oer

(oop
acd (o) = ged (b, A b>0 A >0

brosehen i

=] ok Brel (ol in {eder Nesedion Weiner, {olls
RSN I o Bionet g
denn b*c'20)

Euix=x°,\ y=% A X>0 A %301

E geol(ke, Vo) = geollx, y) A x 3O A y >0 ¢
- Zoop ‘wasont
= x} { ‘

1 qeol (X, %) = gedl(lo, ) 4 L0 A dot .QOOF 0

C =y Kneme_ Zw(imb.ﬁonie. mal P
2 qeol O, 1) = gedl (b,0) A b0 A <201 =P o R
whle b#c do Es(bf’ vonant b+, Since b#c 4 P Elbte 20)

hingetceiben T
3 b tc & %co(()G,Y.) =3col(b,¢,) a b?20 A c’0nA bre = ZZ
L B Hen, Cs. LBy, Teael

1 b<c a bic o geel (R, %)=9cd(b,c)n >0 A 70 4 bre =2

':“\é %COL()%; 10) = %Cd UO/ C""Q) Anb*0A c-b>0 A b+ (C‘b\ "Z.z
T A 0¢bece w nt
c:=c-b %c.ot(b.c.)=%col(b',0b)

1% ocd(X.% V= oe0llo,c) A >0 n c30 A b*e <21
clee.
T albA)n bt A ool U, %)= geal(b,c) A B3>0 4 >0 nbtc =21
K gedl On, o) =9l Co-cic) a b=c 30 a ¢30 albc)te <27

b = b-c "4 O<ceb 13/ hint
ocd o, 0) = qed (b-¢, ¢)

% oed(X. % V= el lb,c) A >0 n €30 A b*e <&



enc\ '/5\«. Wik, Regel
¥ opd(X.% Y= oea (b, c) A B>O A €30 A brc <21
endl )
@ (b #) A oo (%, Y = %QCLOO,Q) Anb> A 00}
E 01 = ged (ke o)1

P e+ b Voot
Y 2 = 9cadl (%6, %) { dusc 1\ Total



Assignment 3

Consider the following IMP program s:

i = 0;
r :=1;
while i < k do
i:=1+ 1;

r :=r *n 7'?@-“‘]6

end

The following incorrect total correctness proof outline contains various errors.
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